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Assuming that axiomatic local field theory results hold for hadron scattering, Andre Martin and 
S. M. Roy recently obtained absolute bounds on the D-wave below threshold for pion-pion scattering 
and thereby determined the scale of the logarithm in the Froissart bound on total cross sections in 
terms of pion mass only. Previously, Martin proved a rigorous upper bound on the inelastic cross- 
section a inei which is one-fourtli of the corresponding upper bound on crtot, and Wu, Martin,Roy 
and Singh improved the bound by adding the constraint of a given crtot ■ 

Here we use unitarity and analyticity to determine, without any high energy approximation, upper 
bounds on energy-averaged inelastic cross sections in terms of low energy data in the crossed channel. 
These are Froissart-type bounds without any unknown coefficient or unknown scale factors and can 
be tested experimentally. Alternatively, their asymptotic forms Together with the Martin-Roy abso¬ 
lute bounds on pion-pion D-waves below threshold, yield absolute bounds on energy-averaged inelas¬ 
tic cross sections. E.g. for Tv°n° scattering , defining owz = crtot — (cG n ~ >7r ^ +a n n _>7r 7r ) ,we 
show that for c.m. energy y/s —oo, di ne i (s, oo) = s J s °° ds'oi n ei{s')/s' 2 < (7r/4)(m^) _2 [ln(s/si) + 
(1/2) In ln(s/si) + l] 2 where 1/si = 34-7r\/27r mlf 2 • This bound is asymptotically one-fourth of the 
corresponding Martin-Roy bound on the total cross section , and the scale factor si is one-fourth of 
the scale factor in the total cross section bound. The average over the interval (s,2s) of the inelastic 
7r°7r°cross section has a bound of the same form with 1/si replaced by l/s2 = 2/si. 


PACS numbers: 03.67.-a, 03.65.Ud, 42.50.-p 


I. Introduction. Recently we |l} have obtained 
bounds on energy averages of the total cross-section with¬ 
out any unknown constants such as an overall constant 
factor or the scale factor in the logarithm. The purpose 
of the present work is to obtain analogous bounds on 
the energy averaged inelastic cross section without any 
unknown constants.The background and the basic pos¬ 
tulates are again summarized below to make this work 
self-contained. 

The Froissart [2] bound on the total cross-section 
<Jtot{s ) for two particles at c.m. energy yfs , 

&tot(s') — s—foo C [ln(s/s 0 )] 2 , (1) 

(where C, sq are unknown constants ) was initially proved 
assuming the Mandelstam representation . This assump¬ 
tion might not be valid , for example , if there are rising 
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Regge trajectories. Fortunately, ;3j it was possible to 
prove this bound rigorouslyin the much more general 
frame work of Wightman’s @] axiomatic local field the¬ 
ory as applied to hadrons. Later, the needed analyticity 
properties , and polynomial boundedness at fixed mo¬ 
mentum transfer squared t, were obtained by Epstein, 
Glaser and Martin § in the even more general frame¬ 
work of the theory of local observables of Haag, Kastler 
and Ruelle Q. It has nevertheless been questioned Q 
if these properties apply to hadrons made of quarks and 
gluons. Zimmermann [8j has shown that local fields can 
be associated to composite particles. We decide to be¬ 
lieve that this proof applies to the present situation. We 
postulate that the analyticity and polynomial bounded¬ 
ness derived from local field theory holds for hadrons . 

In the proof of the Froissart bound in a crucial 
role is played by the use of unitarity to enlarge the 
Lehmann ellipse of analyticity [t| for the absorptive part 
A(s,t) to show that the right extremity to of the en¬ 
larged ellipse in the t-plane stays non-zero and positive 



2 


when s — > oo. For many processes, for example for 
7T7r, KK , KK, nK, ttN , 7rA scattering it is known [T(j] that 
to = 4m 2 ,, rrijr being the pion-mass . (Except when espe¬ 
cially necessary to show the dependence on pion-mass, we 
shall choose units = 1). Using unitarity and validity 
of dispersion relations with a finite number of subtrac¬ 
tions for — T < t < 0 , Jin and Martin 0) proved twice 
subtracted fixed-t dispersion relations for |f| < to- From 
this Lukaszuk and Martin [l2j fixed the constant C in 
the Froissart bound to obtain, 

&tot[s) —S—>00 &max(s) 5 ( 2 ) 

where, 

(Tmax(s) = 47r/(f 0 - e) [lll(s/s 0 )] 2 (3) 

where e is an arbitrarily small positive constant. The 
Froissart-Martin bounds have inspired much work on 
high energy theorems (see e.g. 0, 0) and on models 
of high energy scattering [151 ]. Further, Martin proved 
a bound on the total inelastic cross section <Ti ne i(s) at 
high energy jl6j which is one-fourth of the above bound 
<T mol (s) on the total cross-section; and, Wu, Martin, Roy 
and Singh 0 obtained a bound on Ui ne i(s) which im¬ 
proves that bound if atot{s) is known, 

&inel (s) ^ s—>oo &tot(s )(i - crtot(s)/a max (*))■ (4) 

The motivation for getting a bound on the inelas¬ 
tic cross section is the almost general belief |l5| 
that at high energies hadron total cross sections 
cannot exceed twice the inelastic cross section. 

Hence, gaining a factor of 4 in the inelastic cross section 
gains a factor of 2 in the total cross section. 

One shortcoming of these bounds from the standpoint 
of rigour is that [18| they are deduced by assuming that 
the absorptive part A(s,t),0 < t < to is bounded by 
Const. s 2 / ln(s/so) for s —> oo, whereas axiomatic field 
theory results only guarantee that 

p OO 

C(t) = / dsA(s,t)/s 3 < oo, 0 < t < to, (5) 
J S th 

where Sth is the s-channel threshold. From the practical 
point of view a more serious shortcoming is that they 
involve the unknown scale factor so dr the argument of 
the logarithm and the unknown arbitrarily small but non¬ 
zero constant e. 

In the case of the total cross section, both these short¬ 
comings were removed recently jl|. Bounds on energy 
averages of the total cross-section were obtained in which 
the scale so is determined in terms of C(t). C(t) can be 
bounded rigorously in terms of pion mass alone for 
scattering . Thus we obtained the absolute boundQ, 

CT tot (s, oo) < 7r(?n w )” 2 [ln(s/s 0 ) + (1/2) lnln(s/s 0 ) + l] 2 

+ O(lnln(s/s 0 )), Sq 1 = Yht\pnj2 m~' 2 , (6) 


where, 


pOO 

d tot (s,oo) = s / ds'<j t ot{s')/s' 2 . 

J S 


(7) 


We also obtained somewhat improved bounds by using 
the additional phenomenological inputs for the D-wave 
scattering length 0] for pion-pion scattering. 

We prove here analogous bounds on energy averages of 
the inelastic cross section. We choose the same normal¬ 
izations as in Martin-Roy [ 2 ]. F{s, t) denotes an ab —» ab 
scattering amplitude at c.m. energy t/s and momentum 
transfer squared t normalized for non-identical partcles 
a, b such that the differential cross-section da/dQ(s , t) is 
given by 4 F(s,t)/y/s\ , with t being given in terms of 
the c.m. momentum k and the scattering angle 6 by the 
relation, 

t = — 2fc 2 (l — cosd); ^ = cos 9 = 1 + t/(2k 2 ). (8) 


Then, for fixed s larger than the physical s —channel 
threshold, F(s;cos0) = F(s,t) is analytic in the com¬ 
plex cos 0 -plane inside the Lehmann-Martin ellipse with 
foci -1 and +1 and semi-major axis cos^o = 1 + to/(2k 2 ). 
Within the ellipse ,in particular, for \t\ < to,F(s,t ) has 
the convergent partial wave expansion, 


F(s,t) 


j — OO 

^5>z + i)p^m s ), 


1=0 

with the unitarity constraint, 

Imai(s) > |a ; (s)| 2 , s > s t h ■ 


(9) 


( 10 ) 


Correspondingly, the optical theorem gives, for non¬ 
identical partcles a, b, 

47t 

Ctot(s) = —Im(4F(s,0)/y/s) 

A 00 

=+ l) Ima i(s). ( 11 ) 

1=0 


For identical particles ,e.g. for tt q tt° scattering, or for 
pion-pion scattering with Iso-spin /, the partial waves 
a;(s) —> 2aj(s) in the partial wave expansion,i.e. 


/— OO 

F'M = + 1)2 a{(s)Pi{z), (12) 


1=0 


aI tot( s ) = -u2'52( 2l + 1 )2Ima I l (s ), (13) 

1=0 

and we have the same formula for the differential cross- 
section in terms of F(s,t ), and the same form of the 
unitarity constraint ,Imaf(s) > |a/(s)| 2 , s > 4 , as for 
non-identical particles. At threshold, F 1 {A, 0) = Oq, the 
S-wave scattering length for Iso-spin I. 

It will be seen that proofs of the bounds for inelastic 
cross sections are considerably more involved than those 
for total cross sections, but the basic principles are the 
same. We give detailed derivations for the case of non¬ 
identical particles a ^ b, and also quote the identical 
particle results when needed. 
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II. Convexity Properties of Lower Bound on 
Absorptive Part in terms of Total Inelastic Cross 
Section. We obtain a lower bound on the absorptive 
part of F(s,t) (for s > sth and 0 < t < to) in terms 
of the inelastic cross section <Ji ne i{s ). Following 0 we 
prove that the bound is a convex function of the inelastic 
cross section. The absorptive part has the partial wave 
expansion, 


F s (s,t) = A(s,t) 


r— OO 

-^J2{2l + l)P l {z) I mai{s). (14) 


1=0 

The corresponding expansion of the inelastic cross sec¬ 
tion is, 


A 

Vinei(s) = ^2(21 + l)(/roa;(s) - |a/(s)| 2 ) . (15) 

1=0 


direct subtraction, 

4 (k/y/s)(A(s,t) - A 0 (s,f)) 

L 

= P\(z) ^(2 1 + 1 )(lmai - (Jmai)o) 2 + 

1=0 

OO -p / \ 

P\{z) ( 2 ^ + 1) ({Imai) 2 + Imai ( 1 " - 

l=L +1 

> o. (21) 

The last inequality follows because for z > 1, and A > 0 
,P\(z) is an increasing function of A. We then have, 


4 (k/y/s)A(s,t) > + l)Pi(z)^(l 

1=0 


Pl(z) \ 

' Px{z)> 
= A(X), 


( 22 ) 


Actually we shall vary Imai(s) subject to the positivity 
restrictions (due to unitarity), 

Imai(s) > 0 (16) 

to minimise A(s,t), given , 

. OO 

A /Jr _ __ 

CTinel,im(s) = ^(2Z + 1)(/toOz(s) - (ImCLl(s)) 2 ) . 

1=0 

. (17) 

The bound will be seen to be an increasing function of 
Vinel,im(s)- Further, 

Ginel ,im (s) 7^ (7inel(,s)i (18) 

therefore the bound will still hold when we replace 
< 7inei,im(s) by the experimentally accessible <Ji ne i{s). We 
work at a fixed s; so, unless specially needed, we shall 
suppress the s-dependence of Imai(s), <Ji ne i,im(s) and 
ffj ne ;(s). The Lagrange multiplier method with positivity 
constraints on partial waves gives the variational solution 
(■ Imai) 0 , 


where, 

+ ixi/4)(i - (hbl) 2 ) 

1=0 xy ' 

= £,(A). (23) 

Note that £/(A) and A(A) are monotonically increas¬ 
ing continuous functions of A; hence A and A(A) may be 
considered functions of £/, and 

dA/d£/ = ((dA/dA)/(d£j/dA)) = P x (z ), (24) 

which is always positive, and also continuous at integer A 
although ( dA/dX ) and (d£j/dA) are discontinuous there. 
Hence, 

d 2 A/dY,' 2 i = ((dP x {z)/dX)/(dEi/dX)) >0, (25) 

which is discontinuous at integer A, but always positive. 
This completes the proof that A(A(£/)) is a convex func¬ 
tion of £/; i.e. at a given s the lower bound on A(s 7 t) is 
an increasing and convex fuction of tJinei.im, and hence 

of &inel • 

III. Explicit evaluation of the bound. Explicitly, 


[Imai) o = ^(l - 1<L;L<\<L + 1 

2 P\{z) 

(Imai) 0 = 0, l > L ; (19) 

where the integer L and the non-negative fraction A — L, 
are to be determined so as to reproduce the given cr me z /im 
; here P\(z) for non-integer A and z > 1 is defined by, 

P\(z) = — [ (z + cos J>\jz 1 — 1 ) x d(f>. (20) 

7T JO 

If Ao(s,t) denotes the absorptive part with partial 
waves ( Iinai)o and A{s,t) that with arbitrary positive 
partial waves with the given cr ijle ; im (s) ,we obtain by 


r^i j a r^i 

A(A(E/))= y 0 d^ dK= J 0 Px, ^ d ^ ( 26 ) 

where A ',L' corresponds to the value £j of 
crinei.imk 2 /{ 47 t ). When 0 < T,) < (1 - z ~ 2 )/4 = £/(l) 
we get L' = 0 and the corresponding part of the integral 
can be evaluated exactly. Hence, 


A(A(£/)) 


{l-z- 1 )/2 + 



(27) 


In the remaining integral L' > 1 and we shall prove that 
for H'j > £/(l), 


(A') 2 > 4£'j. 


(28) 
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Proof. From the partial wave expansion for E/(A / ) = 
£/, we obtain 

4E;<(L') 2 + (2L' + 1)(1-(^|) 2 ). (29) 

The integral representation for P\(z) given before yields, 
for z > 1, 

( jM^) ) 2 “ ex P ( - 2 ( A ' - L ') ln 0 + \/z 2 - 1)) 

> 1 - 2 (A' - L') In (z + x/z 2 - 1), (30) 

where the last inequality uses exp(— x) > 1 — x. At high 
energies In (z + \/z 2 — 1 ) goes to zero, and we assume 
moderately high energies (k > ) such that, with 

t < 4m 2 , 

ln(^r + \J z 2 — 1 ) < 1/3. (31) 

Then, 

4£/ < (L') 2 + (2 L' + 1)2(A' - L') ln(z + sj z 2 - 1) 

< (A') 2 - (A' - L')( A' + L' — (2/3)((2L' + 1))) 

< (A') 2 , f or L' > 1, (32) 

which completes the proof. 

Since Py(z) is an increasing function of A', we obtain, 


and the slightly weaker but simpler result, 


A (£/) > 


_V4S i(z 2 - 1) r ,v4£ 7 (* 2 - 1) 


2(z 2 - 1) 


/i(- 


_ 1/ f " 2 - 1 ) 

2 Jl ^ Z 2 '■ 


-) 


(39) 


Note that at high energies z — 1 —> 0, the last two terms 
give only a small positive contribution, 

(1 - \h (^) « (* - l) 2 /4 ,2-1^0. (40) 

Hence, at sufficiently high energies, but without any high 
energy approximation, we have the bound given by Eqs. 
(37)-(38) and the slightly weaker but simpler bound, 


A(s,t) > 


ky/s 


41 z + 




Z+ 1 /ta ine i{s) 
2*2 


(41) 


IV. Bound on energy averaged inelastic cross sec¬ 
tion. 

Multiplying by s~ 3 and integrating over s, we obtain a 
lower bound on Cr slS2 \(t) which is the contribution from 
Sl tO S2 to C(t), 


A( A(E/)) = (1 - z-^/2 + P r^r(z)dT,’ I . (33) 

dEj(l) v 1 

Using the integral representation for P\(z) given before 
and the analogous representation 




Si 

S2 


> 


iB ' ^ (1 - 4/s 'b;/,K), (42) 


(s') 


16 1 


Io(z) = — exp(zcos</>)d(/> (34) 

7T AO 

for the modified Bessel function , and the elementary 
inequality 

ln((z + cos</>x/ z 2 — 1) > (cos 0) ln((,s + \Jz 2 — 1), z > 1 
we obtain (20], 

P\(z) > I Q (Xln((z + Vz 2 - 1)) (35) 

> Jo (Ax/z 2 — 1 /z), z > 1. (36) 

Substituting the above inequalities ,the integral over £/ 
in the expression for the lower bound can be evaluated 
exactly, and we have the exact result (without any high 
energy approximation), 


where S 2 > Si, and we used 2k'/Vs* > i/(l — 4/si), and 
2z\/(z\ + 1) > 2 z 2 /(z + 1) > 1 for s' in the interval 
(si,s 2 ), and 


Zl 


s — 4 + 2t 
si - 4 


/ 

Xi 



t&inel (s ) 
7r 


(43) 


The lower bound on C(si,S 2 )(t) is an average with the 
normalized weight function 


P(s') 


Sl s 2 

(S2 - Sl)(s') 2 


(44) 


of an integrand which is a convex function of <Ji ne i(s') 
.The convexity is readily proved; using ( xl\{x ))' = 
x!q(x), and denoting, 


4 (k/V~s)A(s,t) > A(E,) > (1 2 3 1} 
+(1/2) (ln((z + \/z 2 ~l))) " 2 [x'h (a/)] |, (37) 

u = ln ((z + \/z 2 - l))x/fc 2 crmei/7r; 
u\ = ln ((2 + x/ z 2 — l))x/l — z~ 2 , (38) 


_ z\ + 1 _ (si — 4)(si — 4 + t) 
1 2zf (si — 4 + 2 1) 2 


< t, 


we have, 


d(Xi!l(Xi)) _ t\ ( I tlO'inei (s') . 

d<Jinel(s') 27T ° V 7T 


(45) 


( 46 ) 















































5 


Since the right-hand side is an increasing function of 
&inei{s') ,we get the convexity property, 


diJinel (s') 2 


(47) 


Since the average of a convex function is greater than the 
convex function of the average [21.] ,we have the bound 


c (s lt s a )(i) > !L 51 V(l-4/si)a;iJi(a;i), (48) 

10£SiS2 

where, 

X1 = y ^^ 51 ’ 52 ) , (49) 


fS 2 

&inel(s 1 ,S 2 )= / ds'p(s')a ine i(s'). (50) 

J Si 

To get bounds on ai ne i(s, oo) , and ai ne i(s,2s), we just 
choose the corresponding values for (si,S 2 )-Thus we ob¬ 
tain, without any asymptotic approximations in s, 


C(s,oo)(t) > x i f i( x i) > 


_ ^ j tlGinel (-S, Oo) 

*^1 — 


and, 


C( s ,2s)(t) > — \/(l-4/s)a;2/i(a;2) , 


£ 2 = 


tl&inel (^j 2s) 


where 


fa = < (8 4)(,- 4 + t) < f 

(s — 4 + 2 1) 2 


(51) 

(52) 

(53) 

(54) 

(55) 


Asymptotic bounds Since we want asymptotic up¬ 
per bounds on the energy averaged inelastic cross sec¬ 
tions, we can assume without loss of generality that the 
arguments X \, X 2 of the modified Bessel functions tend to 
infinity , and obtain, 


16stC {St00) (t)V2n > (\Zii exp£i)(1 + 0(l/£i))(56) 
a = tSM, (57) 


and 


32stC^ s) (t)V^ > (y / 6expa)(l + 0(l/6))(58) 
a = \/ ^ me ' (a,2s) . (59) 


We now use the elementary lemma proved in 0, 0 


Lemma. If £ > 1, and y > \/£ exp£, then, 

£ < f(y) = ln y~ (1/2)In (In y- ^lnlny). (60) 

With f(y) as defined above, we obtain the asymptotic 
bounds, 

&inel{SiOo') oo “(,/(4s/so)) , (61) 

where, 

— = 4tC( S)00 )(t)v^7r, t = 4ra 2 - e, (62) 
so 

and, 

&inel («S? 2s) <s^j(f(8s/s 0 )) 2 . (63) 

Notice that the coefficients of (Ins) 2 in these bounds 
on the inelastic cross section are one-fourth of those in 
the corresponding bounds on the total cross section at 
high energies , and the scale factors in the inelastic case 
are also one-fourth of those in the corresponding total 
cross section bounds [I], 


a to t{s,oo) < s _kx> -y-(/(s/s 0 )) 2 , 
a tot (s,2s) < s - >00 -y-(/(2s/so))~ . (64) 


In the case of pion-pion scattering, we may remove the 
unknown e in t = 4m 2 — e rigorously by using absolute 
bounds on the D-wave below threshold derived in 0 , or 
use phenological inputs on the D-wave scattering length 
and set e = 0. The main qualitative difference from the 
case of non-identical particles is that only even partial 
waves occur in n a Tr° scattering, We first show that inspite 
of this difference, the bounds of this section at moderate 
energies as well as the asymptotic bounds on inelastic 
cross sections hold for ir°ir° scattering. 

V. Bounds on pion-pion inelastic cross sections. 
We shall exploit iso-spin invariance. 


pTT°n 0 — >ir 0 7r 0 pO , 2 p2 

~ 3 3 


E 

4 k 


E t 2 ^ 1 ) 2 


_ 0_0 _, _0 _0 . . . . 

aj w ^ * (s)Pi(z), 


1 = 0 , 2 , 


J^7T 0 TT 0 — >7T’*"7T _ —F® —F2 

3 3 


E 

Ak 


E (2Z + l)\/2, 


,7r°7r°— 


a l 


(s)Pi(z). (65) 


1 = 0 , 2 , 


Unitarity then implies, 


Inna 7 


-v. | 7r°7T 0 —>7r°7r° |2 , | 7r°7r°—>-7r + 7r |2 

> I a i I + \ a i I 

= ^k°(s)| 2 + ^\a 2 (s)\ 2 - (66) 
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Hence we define the inelastic cross section considering 
7r°7r° — > also as an elastic channel, 


7r°7r° _ A A AA^AA „AA^n+w~ 8lT v 

J inel = °tot - a - a = -j~2 X 

°° 1 9 

( 2/ + 1 )(g(^ ma i ) - l«°| 2 ) + - l« 2 | 2 ))- 

1 = 0 , 2 , ‘ > } 


Note that, 


^o_o ^0_0 

7T 7T ^ 7T 7T 

J inel — u inel, ii 


^£« 2i 

1 = 0 , 2 , 


1) X 


(i(/ma? - (1ms?) 2 ) + |(/maf - (Imaf) 2 )). (67) 


As before, we vary the Imaj subject to positivity con¬ 
straints , and the given to minimise the aborptive 

part, 


/— OO 

A*°"°->" 0 " 0 (s,t) = £ ^r (2 j + 1)x 

^ Z—0,2 

+ ( 68 ) 

The minimum is reached when 

Ima / = Imaj = ^(l - |^y), 1 < 

Ima / = Ima 2 = 0, l>L,L<A<L + 2. (69) 

The minimum is an increasing and a convex function of 
im . The lower bound on the absorptive part there¬ 
fore remains valid if we replace P^neiim by 0*^5° • Again, 
defining 


4 (k/Va)A” 


7T —>-7T 7T 


(«,t) = ^ w (A), 

k 2 

““(A), 


KT ,^_o_o 

7T 7T _ V^7T 7T 

® inel ^ I 


(70) 

(71) 


a slightly weaker bound is obtained by replacing a(z) 
by the smaller quantity \Jz 2 — I/ 2 , and noting that (1 — 
1/P 2 (z)) — (l/2)a(z)~ 2 \x'Ii(x')\\ x ,_ Vi is then positive 
at moderately high energies. Thus we obtain a slightly 
weaker but rigorous bound, 


0 0 
A* w 




X = 


£ ±l. Knlifl 

2z 2 V 7T 


(75) 


which is identical to the result given earlier for non¬ 
identical particles. Therefore the asymptotic bounds of 
the last section on energy averages of inelastic cross sec¬ 
tions also hold for scattering. 

VI. Absolute bounds on TT°TT° inelastic cross sec¬ 
tions. In [l] we derived absolute bounds on 7r°7r° D-waves 
below threshold and on C ( t ) in terms of pion-mass alone, 
for 0 < t < 4. In particular, 


Mt) <t-4- ^ (34 + 6.25(4 - t) + 0(4 - t ) 2 ). (76) 


and 


00.00 

£J7V 7T -ATT TV 


(t) <i—>4— 


177r 

4 ( 4 —y 


(77) 


where fi(s) = ^2 aj° (s). We now use these rig¬ 

orous bounds in conjunction with the asymptotic bounds 
on inelastic 7r°7r° cross sections to remove the unknown 
e = 4 — t in these bounds.The price to pay for the rigour 
is that we cannot choose t = 4. For the upper bound on 
&inei ( s i°°); the optimum choice is, 


ln(s/si)’ 

which yields , 


(78) 


we prove that if ln(z + \/z 2 — 1) < 1/6, which holds 
at moderately high energies, ^ (A) < A 2 /4 if L > 
2. Finally, proceeding as for non-identical particles, we 
obtain a bound without any high energy approximations, 


<aCY’(aoo) <*_►«, (?r/4)(m w ) 2 x 
(ln(s/si) + (1/2) lnln(s/si) + l)“ + 0(lnln(s/si)).(79) 

where the scale factor si is given by 


A(zf”°)) > (1-1/P 2 (z)) + 




This yields the exact bound, 


(72) 


4 (k/V~s)A^°(s,t) > (1 - l/P 2 (z)) + 

(1 /2)a(z)- 2 [x'h(x')\\ x ^ vi , (73) 

a(z) = ln((z + \/z 2 - 1)), v = a(z )^; 
v 1 = a(z)y/ 2(1 - P 2 (z)~ 2 )\ (74) 


1/si = 347r\/27r to w 2 , (80) 

and is one-fourth of that for the total cross section case[l|. 
For the upper bound on d/^/J (s, 2s), the optimum choice 
is, 


ln(s/s 2 )’ 


(81) 


which yields , 

(A 2s) < s ^.oo (tt/4 )(m 7r )~ 2 x 
(ln(s/s 2 ) + (1/2) lnln(s/s 2 ) + l)“ + 0(lnln(s/s 2 )).(82) 
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where the scale factor S 2 is given by 


1/S 2 =2/si = . (83) 

These are bounds from first principles on a cross section 
fundamental in strong interaction physics. But for phe¬ 
nomenological comparisons it is more useful to use some 
crossed channel low energy data to get stronger bounds 
, particularly on the scale of the logarthm. 

VII. Phenomenological comparisons for Pion- 
Pion scattering . 

(i) First, the basic lower bound (from unitarity alone) 
on the absorptive part A(s,t ) in terms of the inelastic 
cross section, given by Eq. (41), or in terms of the total 
cross section (Eq. (21) of [ij ) can be compared directly 
with phenomenological estimates of the absorptive part 
at energies where such estimates are available [26|, |27j |. 
This can be done for the amplitudes 

F n+n°^+n°(s,t) = l / 2 (F 1 + F 2 )( S ,t), 


_0 0 lfi 2o, . 

(s,t) = 3^ + g-F (M), 


which have positive absorptive parts for s > 4, 0 < t < 4. 
A violation of the bounds will indicate that the input 
absorptive part violates unitarity. 

(ii) Secondly, bounds on energy averages of cross sec¬ 
tions in the intervals (s.oo) and (s.2s) in terms of phe¬ 
nomenological inputs for c.m. energies less than yfs fol¬ 
low from unitarity , analyticity and crossing . The cross¬ 
ing relations, 


l(F 1 +F 2 )(s,t) = ^(F°-F 2 )(t,s), 


(s,t) = F* 


7r — >7V 7T 


(M) 


(84) 


and the Froissart Gribov formula yield, 


C 7r + 7T°—>-7T + 7r°/j. _ _ 

(s.oo) G — 4 J — 




T7T 1 7T 

'(-M) 


and 


^O7r 0 7r°—>-7r 0 7r c 

^( 5 , 00 ) 


57T 


rn Tt{ a 2 + 2a 2 ) C(4 jS ) 


’ (t = 4), 

(t = 4) = 
(t = 4). 


(85) 


( 86 ) 


Here , as in [l|, we defined the l -wave scattering lengths 
aj as the q —> 0 limits of the phase shifts 5j (q) divided 
by q 2l+1 where q is the c.m. momentum . The Bern 
group [13 already has estimates of the D -wave scattering 
lengths, and has recently obtained [28) estimates of the 
absorptive part integrals upto y/s = 1, 6 GeV , 


y^Y7T 7T ° ^ 7T 7T ° 

°(4m2 , S ) 


(t = 4) = 1.48 x 10" 3 , 


C^J) ” (* = 4 ) = 2 - 031 x 10 


-3 


Hence the bounds on energy averaged cross sections 

(a 2s ) and ^Ce7°( S > 2s )- as wel1 as Vine? ( S ’ °°) and 
&ineJ ( s >°°) implied by Eqs. (51)-(55) can be directly 
tested against the corresponding experimental values. 

(iii) Thirdly, explicit asymptotic bounds on the aver¬ 
ages of the inelastic cross section in the intervals (s, oo) 
and (s, 2s) are given by Eqs. (61) and (63) , and in terms 
of the corresponding averages of the total cross section 
, in terms of a scale parameter So ; So is given by Eq. 
(62) in terms of C7( S)00 ), an integral over absorptive parts 
in the interval (s, oo) . Substituting the values of the 
D-wave scattering lengths given by |l9J, 

a° 2 « 0.00175m" 5 ; a\ « 0.00017?n" 5 , (87) 

we have, choosing for s a value up to which absorptive 
parts can be reliably estimated, 

7r°7r° : Sg 1 = m“ 2 16-\/27r 

x (2.05 x 10" 3 - = 4)), (88) 

7r + 7r° : s^ 1 = m~ 2 16\/27r 

x (1.55 x 10" 3 - = 4)). (89) 

These equations give much stronger bounds than the 
absolute bounds. E.g. using only positivity of 

= 4 ) we § et > 

s 0 > 12m 2 , 

which is 800 times the absolute bound So > .015m 2 . 
As the absorptive part integrals in the D -wave scatter¬ 
ing length sum rules are rapidly convergent, even for the 
moderate value of yfs = 1,6 GeV , Colangelo et al [53] 
obtained a further big improvement in the values of the 
scale factor, when phenomenological values of absorptive 
parts upto yfs = l,6GeH are utilised , 

7T 0 7r° : so > 1312m 2 

7r + 7T° : So > 356m 2 , (90) 

which are not very far from the scale factors used in phe¬ 
nomenological fits [27). We should remember that the 
phenomenological values may be dependent on the par¬ 
ticular parametrisation used to fit experimental cross sec¬ 
tions. The implicit bounds (51)-(55) discussed in (i) and 
(ii) are without asymptotic approximations, and there¬ 
fore can be compared directly with experiment. 

VIII. Concluding Remarks. 

In this paper on inelastic cross sections and the pre¬ 
vious one on total cross sections [ij we believe to have 
put the Froissart Bound on a solid ground, by using the 
notion of average cross sections which avoids completely 
the problem of the scale in the Froissart bound. These 
averages can be chosen rather arbitrarily but once you 
have chosen one you must stick to it. The simplest av¬ 
erages that we use are the ones from s to infinity and 


from s to 2s. The averaging interval must be sufficiently 
large if one wants to preserve the coefficients appearing 
in the Lukaszuk-Martin bound. The only unknown is 
the value of a certain integral on the absoptive part for 
some positive t. In the special case of pion-pion scatter¬ 
ing all unknown constants are eliminated. The advantage 
of introducing the bound on the inelastic cross section is 
that, asymptotically, it is 4 times smaller than the one 
on the total cross section. So if you accept to believe 
that the elastic cross-section cannot be larger than the 
inelastic cross section, the limiting case being an expand¬ 
ing black disk you gain a factor 2 on the bound on the 
total cross section. However, not everybody agrees with 
this, for instance Troshin and Tyurin [29] believe that 
at high enrergy the scattering amplitude is dominantly 
elastic. It is tempting to make a rather daring and non¬ 
rigorous suggestion: if the amplitude is essentially elastic 
( a small inelastic part is unavoidable according to well 
known theorems) then the effective large Lehmann ellipse 
has a right extremity at t = 16m 2 , and the Froissart 
bound is divided by 4. 

Anyway a factor of 2 or 4 is not sufficient to 
bring the absolute bounds near the experimental val¬ 
ues l30}.f3H ,[§21] including the most recent experiments at 
LHC [33] , which indicate a definite increase of the cross- 
sections compatible with a (ln(s)) 2 behaviour. There 
is little doubt that this trend will continue when LHC 
reaches higher energies.Towards quantitative improve¬ 


ment we may find unitarity bounds on the energy av¬ 
erages of the inelastic cross section given the total cross 
section as an input , in addition to absorptive part inte¬ 
grals at positive t [34| . 

However , as explained in Sec. VII above,if we are pre¬ 
pared to make phenomenological inputs such as the D- 
wave scattering lengths and low energy absorptive parts 
, the situation with res pec t to experimental comparisons 
improves dramatically [27| . 

What can we do on the theoretical side? In the case of 
pion pion scattering, KupschjdS] has constructed an am¬ 
plitude , crossing-symmetric satisfying ” inelastic” unitar¬ 
ity and saturating the Froissart bound [35] Tut he does 
not give numbers. The result of Gribov [361 ] shows the 
importance of satisfying elastic unitarity in the ’’elastic 
strips” , { 37 }. This might help, but we dont know how, 
and there is the problem of finding people interested in 
working on this. 
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